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Abstract This paper aims at reducing the sensitivity of the minimuwratpowered descent trajectory on Mars in
the presence of uncertainties and perturbations, usindekensitized optimal control methodology. The lander is
modeled as a point mass in a uniform gravitational field, d@deingine throttle is considered the control variable
which is bounded between two non-zero settings. Unlike treventional practice of designing separately the nom-
inal trajectory and a feedback tracking controller, deizesl optimal control strategy incorporates the two desig
in synergy, delivering a superior performance. Sensigigiof the final position and velocity with respect to peredb
states at all times are derived, and augmented onto the mninifnel performance index through penalty factors. The
linear quadratic regulator technique is used to designehdidack control gains. In order to reduce the likelihood
of the closed-loop throttle exceeding the prescribed bspadnultiplicative factor is applied to the feedback gains.
This reshapes the nominal trajectory from the well-knowximam-minimum-maximum structure in that the nom-
inal throttle is encouraged to stay away from the prescritmmehds, leaving room for the feedback control. Monte
Carlo simulations show that the occurrence of out-of-botinded-loop throttles is significantly reduced, leading to

improved landing precision.

I ntroduction

The landing accuracy on the surface of Mars has progressadilst over the last four decad&s from about 200
km of target for the Vikings to 150 km for the Mars PathfindeBt®km for the Mars Exploration Rovers. In these
missions, the landing accuracy is not critical to their @sscbecause they are much exploratory in nature, and the

spacecraft are only required to land safely in the genecaiity of the targeted landing sites. MSL is the nextin line
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to be launched. Despite being exploratory as well, it wilkdha much improved landing accuracy with a delivery
of within 10 km of the target. The next generation of Mars moiss like the sample return and human exploration
missions will require Mars probes to perform tasks at spepifints of interest on the Martian surface. Thus, the
performance of pinpoint landings (defined as landing witt®® m of the targef)will be of utter importance. Much

of the work in improving the landing accuracy has been foduseadvancing the navigation technologies to obtain
more precise measurements of the position and velocityesftacecraft=’ In addition, the actively guided entry
through modulating the lift vector (on MSL, for exampfe§;'%as well as the “Smart Chute” technidde?also play

significant roles in improving the landing accuracy.

This study focuses on the powered descent stage which coocam@rmen the entry vehicle is decelerated to about
55-90 m/s on the parachute, typically at 3-5 km altitude angyhly a few kilometers from the prescribed landing
target horizontally. At this moment, the parachute and teat$hield are released. A set of rocket engines are used
to guide the lander to the target, and the throttle of thereegyas well as the thrusting direction are considered as the
controls. For missions where precision landing is not inguat;, gravity turn trajectories are typically chosen todan
the spacecraft safely at the landing site. Very limited &sithave been performed on the powered descent guidance
with the pinpoint landing requirements. Ref. 13 proposasstpolynomials of time to describe the desired position,
velocity and acceleration profiles, and the lander is contadio follow the prescribed trajectory. While this method
is autonomous in nature, no fuel optimization is considefi®e studies have been devoted to finding the minimum-
fuel descent trajectories. Ref. 14 shows that the minimuet+throttle profile is of maximum-minimum-maximum
structure. Because the minimum engine throttle cannot b @ece the engine is turned on, Ref. 15 points out that
the optimization problem is non-convex. Consequently,raveg model is proposed, and it is proven that the optimal

solution to the convexified model is precisely that to thgioal non-convex problem.

However, the maximum-minimum-maximum throttle profile is @pen-loop strategy. In the presence of per-
turbations, the open-loop strategy leads to great errotiseafinal time. Often in practice, when perturbations are
encountered, a feedback control law is devised to guideattadelr to the vicinity of the planned target via a trajectory
that is in the neighborhood of the nominal trajectéfyin conventional practice, the designs of the feedback laiv an
the nominal trajectory are conducted completely separdtel, the design of the nominal trajectory does not take in
consideration what feedback law may be used later. ThugpeHermance of the feedback control law is often not
guaranteed. One example that embodies the drawbacks oflesidn process has to do with the nominal maximum-
minimum-maximum throttle profile. Since the open-loop ttieorides on the bounds in the nominal solution, the
closed-loop throttle is highly likely to exceed the bounds ¢hus, the out-of-bound closed-loop throttle cannot be
executed fully. The regular exercise of scaling the oubadéind control can lead to large errors in practice. Resglvin

these issues will be the focal point of this paper.
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A more appropriate optimal control design approach is tagihethe nominal control and the feedback law in
synergy, and to have both aspects of the design work togtitarhieve a better performance. That is precisely the
virtue of the Desensitized Optimal Control (DOC) stratédyln a nutshell, DOC tries to reduce the sensitivity of
a physical quantity with respect to uncertainties and pkations along the trajectory, in addition to optimizing th
original performance index. (In the context of the poweredagnt problem, the final position and velocity of the
lander can be examples of such physical quantities.) DOG ttoe by incorporating the feedback law design into
the nominal control optimization. Thus, the nominal cohtnod the feedback law are obtained in one optimization
run. As always the case, the goal of the sensitivity redactiod the original performance index are two conflicting
objectives. As a result, both objectives compromise to edbbr during the optimization process. Therefore, the
nominal trajectory is “reshaped” from its original form Wiut the sensitivity consideration. One factor that affect
the extent of the reshaping is the design of the feedback lauwhis paper, the Linear Quadratic Regulator (LQR)
techniqué® is used to design the feedback law to minimize the final pmsiind velocity deviation from the target as

well as the amount of control effort.

To specifically address the issue of the closed-loop coeitoéeding the prescribed bounds, a user defined mul-
tiplicative factor is applied to the feedback gain to diseme the nominal control from approaching the bounds too
closely. The multiplicative factor becomes zero as the matgontrol rides the bounds, and thus, effectively elimi-
nates the sensitivity reduction effect of the feedback Iiwalso monotonically increases with the distance between
the nominal control and the bounds, partially resuming thrcfion of the feedback law. Therefore, in order for the
sensitivity of the final position and velocity to be reduckebugh the feedback mechanism, the nominal control profile

has to stay away from the prescribed bounds. That also espla¢ reshaping of the nominal trajectory.

Achieving robustness of the system performance in the poesef perturbations is not a new conc&t®How-
ever, most of the methods are notreadily applicable to ttirmim-fuel powered-descent problem due to its nonlinear
nature. The concept of the chance-constrained progranifhffigan potentially be used to design controllers track-
ing the maximum-minimum-maximum nominal control in thatén enforce the constraint on the probability of the
control bound violation given input disturbances with kmoprobability distributions. However, when the nominal
control is reshaped in DOC not to be maximum-minimum-maxmauny more and not known a priori, it is not clear

how control bound violations can be measured.

This paper is organized as follows. First, the formulatibéthe minimum-fuel powered descent problem is de-
scribed. Then, a brief overview of the sensitivity analysipresented, and the sensitivity of the final position and
velocity with respect to state perturbations are derivatiargmented into the minimum-fuel powered descent prob-
lem. The method of treating control bounds is presented faidwed by the design of the feedback laws. Simulation

results and the conclusions are presented in the end.
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Minimum-Fud Powered Descent Problem

The powered descent phase of a Mars landing trajectoryalpistarts when the parachute and heatshield are
jettisoned (the handoff), and from then on thrusters are tiseyuide the lander to a safe landing site. During the
powered descent phase, the lander is typically travelimgaban altitude of 5 km and with a speed less than 95 m/s.
Therefore, in a typical problem formulatidfi,*®a uniform gravitational field is used, and the aerodynamicds and
the rotation of the planet are neglected. In addition, theldsiis modeled as a point mass in this study, and the much

more complex problem of coupled translational and attigmidance is beyond the scope.

A surface-fixed coordinate syste@ﬁyﬁ is defined to describe the position and velocity of the landiee origin
is anchored at the planned landing point, xtendy axes span the horizontal plane, and ftreexis points upward. Let
Vx, Vy, andvy denote the velocities along the three axes, anhiéénote the mass of the lander. Then, the state vector
is completely defined as= [X, Y, z, Vx, Vy, Vz, m|". Letg denote the gravitational acceleration on the surface osMar
andgp that at the sea level on Earth. Let theretidentical thrusters with specific impulsg. Each thruster supplies
a maximum thrustT, and is throttled at the same level, which leads to all thesters producing the same thrust at
any time. The thrusters are mounted such that they are cahéadanglep from the net thrust direction. Thus, the net
thrust is given byn- T - cosg.

The translational motion of the lander is controlled via miating the throttle of the thrusters and the direction
of the net thrust vector. Let be the vector which points in the direction of the net thrust has a magnitude of the
thruster throttleu. Letuy, uy, andu, be the three components wfalong thex;y, andh axes. Theny = [Uy, Uy, un) "
can serve as the control vector. With the above definitidresdifferential equations of the translational motion can b

written as
X:VX7 y:Vy7 thha

. Ug-n-T-cosp . Uy-n-T-cosp . Up-n-T-cosp
X m ’ y m ’ h g+ m ’ (1)
. unT
Isp do-

Once the thrusters are switched on, they remain on throughewescent. Thus, the engine throttle is bounded

between two non-zero settings; i.e.,

O<Umin§u:1/u>2<+u§+u%SUmax. (2)

The position and velocity at both ends of the powered desteajgctory are specified. The initial condition,
denoted by, is given at the handoff, and the lander at the end of the désat rest at the planned landing point.

The assumption of zero final position and velocity vectommiy representative of practice because in reality, the fina
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position would be a few tens of meters above the surface,lengdhicle would have a non-zero downward vertical
velocity to allow for the final touchdown. During the powermescent, the spacecraft obviously cannot travel below

the planet surface, which leads to the following state cairst
h(t) >0, Wvt. 3)

There are many other state constraints in reality such aglitteeslope constraint consider in Ref. 15 which constrains
the slope the lander approaches the landing site. Howeweiintlusion of these constraints does not change the
message the current paper is trying to convey, and thuse t@sstraints are not considered. The final time is free.
The objective of the optimal control is to guide the landendrthe initial conditions to the final conditions with the
minimum amount of fuel consumption; i.e., the minimum-fpelered descent problem can be written as
Problemno—DOC: 75 = uxna;rbh —m(ts)
Subject to: Egs(1), (2), and(3); ts is free; (4)

X(to) =Xo, r(ts) =0, v(ts) =0,

wherer (t) andv(t) denote the position and velocity vectors at timReferences 14 and 15 provide extensive analyses
on the characteristics of this optimization problem. Thgri is shown that the minimum-fuel throttle profile is of
maximum-minimum-maximum structure. In the sequel, theénoglt solution to this problem will be termed nominal

no-DOC solution.

DOC and Sensitivity Penalties

In reality, the trajectory flown for an actual mission is abhaever the nominal trajectory, as there are always
uncertainties and perturbations along the trajectory vidigert the spacecraft off the nominal path. For a pinpoint
landing, excessive deviation from the nominal target magffiact cause the mission to fail. The DOC methodology is
designed to reduce the sensitivity of a given physical gtyawith respect to the uncertainties and perturbationd, an
at the same time optimize the original objectiféwithin the context of this paper, this physical quantity simply
be the final position and velocity. It is assumed that oncéupeations are encountered, the trajectory continues in
the neighborhood of the nominal path through a linear feekitracking control law. Conventionally, the feedback
controller is designed after the nominal trajectory is ot#d. The philosophical difference in the DOC methodology
is that the objective of using a feedback law to attenuatedaimties and perturbations is consolidated into the
original optimization problem. As a result, the design & teedback law has influence on the outcome of the nominal

trajectory, and vice versa. That is, the burden of pertimhaittenuation is not solely placed on the feedback law
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design. Instead, the nominal trajectory also takes on a naw that facilitates this objective. An extensive treatinen

of the sensitivity analysis and the DOC methodology is giveRef. 17. Here, only a brief overview is provided.

Let f(x, u,t) denote the vector of the right-hand side of Eq. (1). Két|to,Xo) denote the solution of Eq. (1)

subject to the initial conditior(tg) = X, and lets (t|to, Xo) be the matrix defined by

-5 (t[to, Xo), )

. Jof of ou
S (tlto, X0) = { ]
x=X(t[tg,Xo)

ax T au ax

and s (to|to, Xo) is the identity matrixl. The important property of the matrix(t|to, Xo) is that it represents the
sensitivity of the stat& (t|to, Xo) with respect to perturbations in the initial statg i.e.,

oX (t|to, Xo)

S (t|to, Xo) = %o

Thus, Eq. (5) represents a first order approximation for #iméations of state dynamics at timelue to variations
at the initial states. In addition, for amy € [to, tf] the inverse ofs (t|t1, X(t1]to, X0)) represents the sensitivity of the
solutionX att; with respect to changes in the current stefg. In the sequel, without causing ambiguity, a simpler
notations (tz, t1) will be used to denote the sensitivity matrix of the stédt&|to, Xo) with respect to perturbations in

the stateX(tito, Xo), and the following property holds,
S(ta, t1) = S (t2, 1) - 5 (ta, to) . (6)

Letu*(t) andx*(t) denote the control and state vectors of the nominal trajeetid. Clearly, when perturbations
are encountered, the trajectory will deviate frafjt) andx*(t). It can possibly be one of a whole field of trajectories
in the neighborhood of the nominal solution. In the DOC frami, it is assumed that the perturbed trajectories are

within the bunch reachable by a linear feedback law; i.e.,
u(t) = u"(t) + K(t) - (x(t) = x*(t)), @)

whereK (t) denote the feedback gain matrix. These gain matrices cathiee prescribed a priori, or can be determined
optimally in parallel to the calculation of the optimal naral trajectory. Substitute Eq. (7) into Eg. (5), and the

sensitivity matrix differential equation becomes

S (ttg) = (g—i+g—L-K(t)) .S (t, to). (8)

Once a physical quantity is identified whose sensitivityhwigéspect to perturbations is to be reduced, one can
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derive the sensitivity using the above properties of thesisigity matrix. A form of penalty to the sensitivity is then
added to the original performance index, resulting in a obdated optimal control problem which include the oridina
dynamics, the sensitivity dynamics, and the new perforraamdex. This concept becomes clearer in the remainder

of this section as the desensitization of the powered désegectory is formulated.

In powered descent problem, it is the sensitivity of the fprdition and velocity with respect to perturbations that
needs to be minimized. To this end, I1&Kk(tt), t;) denote the vector containing the position and velocity congmts
of the lander ats; i.e.,

E(X(tf )a tf) = [X(tf )7 y(tf )a h(tf )7 VX(tf )a Vy(tf )7 Vh(tf )]T .
Then the sensitivity o (x(tf), tf) with respect to state perturbations at any tincan be written as

08 (x(tr), tr)  0&(x(tr), tr)
x) - oxy S ©

Since the state vectaris of length 7 in this studys (-, -) is @ 7x 7 matrix. Thusgg (X(t), t¢)/0x(t) contains the first
six rows of matrixs (tf, t) = s (tf, to) -5 (t, to) L. Apparently, each element of these rows needs to be minihaizall

times. This objective is reflected by the choice of the folluyyperformance index.

min 51 = ) i G- i Sij(te, t)2 pdt, 6 >0, (10)

b = j=1
wheres; j(t,t) is the(i, j) element of the matrixs (t¢, t). Clearly, weights; to c3 leverage the significance of the
final position dispersions to the success of the missioncatalcg leverage that of the final velocity dispersions. For
the powered descent problem, much larger horizontal digpes can be tolerated than vertical dispersions because
negative vertical dispersions may cause the spacecratish into the planet surface. Therefore, one canssgteater

thanc; andc; to place more weight on reducing the final altitude dispersio

The addition of the new performance index turns the mininfuei-powered descent problem (Problem no-DOC)
into a multi-objective optimization problem with two cormtfing objectives, that is, to minimizg and 71 at the
same time. This paper uses the penalty factor method to bdatothe two objectives, resulting in the following
performance index.

g :Umﬂh (Jo+Co- 71), (11)

wherecy > 0 denotes the penalty factor on the sensitivity performamdex.

With the consolidated performance index, the minimum-fumbered descent trajectory optimization problem
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with the sensitivity penalty can be written as follows.
ProblemDOC;: min 7 =9 +Co-7N1
Uy, Uy,Up

Subject to : Egs(1), (8), (2), and(3); t; is free; (12)

X(to) = Xo, r(tf) =0, v(tf) =0, S(to,t0) = l7x7.

Problem DOG differs from Problem no-DOC in the former’s inclusion of thensitivity dynamics, the additional
performance index, and the initial condition of the sewgjtimatrix. Clearly, the solution to Problem DQGs the
result of compromise between the two objectives of miningzip and 7;. Thus, the optimal trajectory for Problem
DOC, is different from that of Problem no-DOGhg fuel-optimal solution); i.e., the optimal trajectory isshaped”

to one with reduced sensitivity to state perturbations.

Note thatcy, along with the feedback gain matrik(t), affects how the optimal trajectory is reshaped. When
co =0, all related to the sensitivity minimization becomeslavant, and Problem DObecomes identical to Problem
no-DOC. Ascy increases, more and more emphasis is placed upon minintizengensitivity performance index.
Consequently, the optimal trajectories become less amsdskessitive to uncertainties and perturbations. Natyrally
while the solution to Problem DQGs less sensitive than the no-DOC solution, it also incursatfieel consumption.

A proper tradeoff can be obtained through picking an appateralue forcg. On the other hand, as it has been shown
by examples befor&:?1 and will be shown later in this paper, a great deal of serisitieduction can be achieved

with a relatively small increase in fuel consumption.

Treating The Control Constraints

It has been shown in Refs. 14 and 15 that the optimal throttiéle for Problem no-DOC is of maximum-
minimum-maximum structure. This can be explained by thetfzat the control vecton appears linearly in Eq. (1),
but does not explicitly show up in the objective functipn An examination of Problem DOQeveals that it possesses
the same properties. Thus, the optimal throttle for Protén¢; is of maximum-minimum-maximum profile as well.
However, the maximum-minimum-maximum throttle profileng$ challenges to the control implementation. If the
nominal control rides on the prescribed bounds, it is hidikisly that the closed-loop feedback control would exceed
the bounds. Tracking errors are guaranteed when implenggati out-of-bound control due to lack of enough control

authority. This section presents a method that allevidtiegproblem.

Intuitively, the closer the nominal control is to the bounttie more likely the closed-loop control is to exceed the
bounds. Since the magnitude of the feedback control is ptigoal to the control gains, it is only natural to choose

gains that adapt to the nominal control in a way that the ggiadually decrease as the nominal control approaches
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the prescribed bounds, and become zero when the nominabtddes on the bounds. One way to achieve this is to
modulate the gains through a multiplicative faatdt) which possesses this very characteristic. That is, thebfezd
law in Eq. (7) becomes

u(t) =u(t) +n(t) - K(t)- (x(t) —x*(t)). (13)
The followingn(t) is used in the study which has been tested to work well for piedilems.

n(t) = 2O~ min): (Uma — (L)), (14)

(Umax— umin)2

It can be seen that at any tirhe(t) is a quadratic function of the nominal control magnitudeéwntits bounds. The
maximumn(t) = 1 when the nominal control is half way between the boundsh(@st away from the bounds), and
the minimumn (t) = 0 when the nominal control reaches either bound. With the feedback control given in Eq.

(13), the dynamics for the sensitivity matrix is changedbadmgly as follows.

S(tt)= (%ﬁ;—f -n(t)-K(t)) S(t ). (15)

Thus, Problem DOCIin Eq. (12) is changed to:
ProblemDOC: min 7 =49+¢Co-J1
Ux, Uy, Up
Subject to : Eqs(1), (14), (15), (2), and(3); tt is free; (16)

X(to) =Xo, r(tf) =0, v(tf) =0, $(to,to) = l7x7.

The solution to this problem will be referred to as the DOQisoh in the sequel.

The optimal control profile for Problem DOC is no longer maMmminimum-maximum. This assertion can be
explained by the fact that the control variables do not apfyeearly in Problem DOC, as evident in Egs. (14) and
(15). Furthermore, note that when the nominal control isaétm either of the bounds, the effect of the feedback
control vanishes becaugét) = 0 in Eq. (13). Thus, the nominal control is encouraged to atagy from the bounds
whenever a leverage can be gained toward the reduction sitiséy through the feedback law. Clearly, the maximum
leverage is obtained when the nominal control is half wayken the bounds because the fully intended magnitude of
the feedback gain is applied. However, the downside of tigi®n is that it may incur excessive amount of additional

fuel consumption compared with the minimum-fuel maximunimimum-maximum solution.

9 0F 26



Feedback Gain Design

In the past applications of the DOC methodology, user pitesdiconstant gains are used. For examigle, —1 is

used in Ref. 21 for the vertical rocket landing problem. Goonderstanding of the problem is required in order to pick
constant gains that work well, and at times one set of cohgtins do not work well for the entire domain upon which
the problem is defined. Treating control gains as additidealsion variables increases the dimension of search space
of the optimization problem, and in the meantime, it lacksraad way to manipulate the transients of the perturbed
trajectories. In this section, a new way of prescribing oorgains within the DOC framework is presented, using the
discrete LQR technique. The control gains herein are coetpas the nominal trajectory is being optimized. Thus,
these gains are adaptive to problem-specific parametdrsasumundary conditions, etc., and with the LQR technique,

one can balance the weights on the states and controls tpuiata the transients of the closed-loop trajectolfes.

Let the time period fronty to t; be divided intoN intervals withN + 1 nodes. Le®x; anddu; denote the state
and control deviations from their nominal valugsandu;* at nodd; i.e., x; = X;' + &xj, andu; = u + éu;. Then, the
nonlinear equations of motion= f (X, u, t) can be discretized and linearized about the nominal trajg¢t obtain

the following discrete linear time-variant system.
11 =AdX +Bjodu;,, i=0,1,....,N—1, a7

whereA; andB; are the system matrices of the linearized system. In ordfndoa neighboring control policy that

minimizes the state deviationstaf the following quadratic performance index is used.

N—1
_ i T = )
Vo= Bui,i:B?ll,r.]..,N—l XN QXN + i; Su;’ Ridui, (18)

whereQ > 0 andR, > 0 are weighting matrices.

Iterative dynamic programmif§is employed to obtain the solution to the discrete lineadgaiéc optimal control
problem given by Eqgs. (17) and (18), resulting in the follogvalgorithm. At any node & i <N — 1, the minimizing
control policy is given by

6Ui =K; 6Xi7 (19)

where

Ki = —(R+BP1B) "Bl PL1A, (20)
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andP, 1 can be constructed by
P = (A +BiKi) TP 1(A +BK) + K'RK;;

=0

(21)

Detalils of the solution procedure can be found in Ref. 22 ¢fitherein the same technique is used to solve a problem

with a slightly different performance index than Eq. (18).

A Power Descent Example

This section presents an example of powered descent profieusing on the comparison between the no-DOC
solution and DOC solutions with various sensitivity pepditctors. Numerical solutions to Problems no-DOC and
DOC are obtained using the direct collocation mefiahd the software package EZ&hthich uses the large-scale
sparse nonlinear program solver SNGPs its background engine. Problem DO&rves as a temporary step in
the transition from Problem no-DOC to Problem DOC, and this,solutions to Problem DQGare not pursued
here. After an optimal nominal trajectory is obtained, dmausand Monte Carlo simulations are performed to assess
the achievable landing precision in the presence of peatimhs. The throttle bounds are implemented within the
simulations. That is, if the throttle exceeds its bounds, then the control vectes [uy, uy, uh]T is scaled to ensure
thatu is always within its bounds. That is,

Uy

Ux . i ‘y‘h .
“Umax, If U> Umax,  Uxyh= T “Umin, if U< Umin. (22)

Y,

Ux,y,h =

The vehicle model is selected to be similar to those in othatiss!* 1> and is representative of the MSL lander.
It is assumed that the lander carries 400 kg of fuel at the dffnalith a total wet mass of 1905 kg. Other parameters

of the lander used in the simulations are as follows.

n=6, p=27deg g=3.7114nys’, go = 9.80655m's’,

T = 3100N Isp: 2255 Umin = 03, Uma)(: 08

Table 1 shows the prescribed boundary conditions which @optad from Ref. 14 with the addition of an initial
velocity at theydirection. The combination of > 0 andvyx > 0 indicates that the lander initially is moving away
from the landing site. The lander is also moving away fromlémeling site at 20 m/s in thedirection. Such choice
of initial conditions is one of the “bad” scenarios as extralthas to be expended to stop the lander from moving away

before it can be guided towards the target.

The following perturbations are significant during the poseedescent, and thus are considered in the Monte Carlo

simulations. At the handoff, the lander is up to 300 m off theitkd position horizontally, and the velocity mismatches

110F 26



are up to 4 m/s in all three directions. Another source ofysbetion stems from the uncertainty of the thrust produced
by the thrusters which is assumed tob8% of the nominal maximum thrust. It is also assumed that éruipbations

are uniformly distributed within their bounds.

Simulations with the no-DOC solution

The nominal trajectory for Problem no-DOC is obtained fifdte optimal maximum-minimum-maximum throttle
profile is shown in Fig. 1, and the fuel consumption of 291.1dghown in Fig. 2. Next, Monte Carlo simulations are
performed on the open-loop system without the feedbackabrithe final position error spread is shown in Fig. 3(a),
where each dot represents a simulation run. Not surprigingthe presence of perturbations, the landing errors at
the final time (as much as500 m in all three directions) are enormous and exceed tlgesarequired for a pinpoint

landing.

A new set of Monte Carlo simulations are then performed whih feedback control law in Egs. (19) and (7)

implemented. The following weight matric€sandR; are used in the feedback controller design algorithm.

Q=diag({1, 1, 1, 100, 100, 100, 1}
(23)

100 2/3 .
R = 20. [W(I —1)] laxs, i=0,1, .., N—-1.
The choice of Q places more emphasis on the reduction of taév@locity errors than the position error. Since
the controls at later nodes have more direct effect tharethbsarlier nodes on the state deviations at the final time,

the algorithm tends to render controls with larger magratatilater nodes. Thu&; is chosen to be monotonically

increasing with nodeto balance the magnitude of controls throughout the trajgct

Out of the 1000 simulation runs, all but 55 cases result irtrobbound violations. This is due to the fact that the
nominal control rides on the bounds at all times. The cldseg-throttle profiles for all simulation cases, along with
the upper and lower throttle bounds, are plotted in Fig. 4ctvishows how frequently and how much the closed-loop
throttles exceed the prescribed bounds. Figure 3(b) shioatghe final horizontal position is within 60 m from the
target, and the vertical position at the final time can be astmas 100 m below the target. Apparently, the errors in
the vertical channel are not acceptable for a pinpoint lagqndihese plots also reveal that majority of the errors in all
three directions are negative. This is due to the fact tleastlaling of the throttles that are out of bounds signifigantl

undercuts the control authority of the thrusters.

It should be pointed out that if the full magnitude of the feack law is allowed (that is, without the scaling),
the final position and velocity errors may be smaller, asnidézl by the LQR controller design. The fact that the

simulations with the no-DOC solution do not show satisfact@sults is not solely due to the feedback controller
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design, but also a consequence of the scaling of the clasgrebntrols that exceed the thruster capacity. The next set
of simulations will show how this situation can be allevihtey the DOC methodology and the multiplicative factor

used to modulate the feedback control gains.

Simulationswith the DOC solutions

In this subsection, solutions to Problem DOC for variousgiigrfactorcy are obtained and compared to the no-
DOC solution. As described in Eq. (10), weiglgsi = 1, ..., 6 can be chosen to leverage the emphasis on the
sensitivity of each final position or velocity componenttwiespect to state perturbations. This adds extra degrees of

freedom in shaping the final landing errors. In this studg,ftllowing choice of; is used,

Ci=C=C=C=Cs=1; cg=100

Since the vertical channel has less margin for errors thahdhizontal channel, extra weight is placed on the vertical
position sensitivity.

The nominal throttle profiles for Problem DOC with variousues ofcg are shown in the same plot as the nominal
no-DOC solution in Fig. 1. Compared to the no-DOC solutidng throttles for Problem DOC no longer ride the
prescribed bounds. In fact, &g increases, the throttle seemingly approaches 0.55 whibhlfsvay between the
two bounds. As mentioned earlier, the nominal throttle apphing 0.55 may result in greater benefit in sensitivity
reduction. However, it should be pointed out that one shoatdncreaseyg arbitrarily high as the sensitivity reduction
does not come free of adversaries. Intuitively, the furttveaty the nominal solution is from the fuel-optimal maximum-
minimum-maximum structure, the more fuel consumption iymnaur. In fact, for a smallety, an increase of its value
can resultin a great deal of sensitivity reduction with aalmall amount of extra fuel consumption. &sds increased

to a certain level, the benefit of sensitivity reduction isdatweighed by the excessive extra fuel consumption.

The nominal fuel consumptions of the Problem DOC solutiomsesponding to various values of are shown
alongside to that of the no-DOC solution in Fig. 2, and théedéinces are clearly indicated. It can be seen that
whency < 0.01, the extra fuel consumption is less than 4.3% of that o OC solution. Ay is increased
further, however, the extra fuel consumption may be deemedssive and becomes difficult to justify in practice.
For example, whery = 0.1, an additional 24.6 kg of fuel is needed, constituting 864" the consumption of the
no-DOC solution. However, it will be shown next that no sfiggraint benefit in terms of reducing the final errors is

gained by increasing, from 0.01 to 0.1.

A set of Monte Carlo simulations are performed for each ofsbi@itions with differenty. The same choice of
weight matrices are used in the controller design as in E). (Bhe final errors whegy = 0.001 are in the same order

of magnitude as that for the no-DOC solution shown in Fig.),3¥Rkcept that the positive and negative errors here are
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rather evenly distributed, which can be explained by thecgcaccurrences of out-of-bound closed-loop controls. In
fact, only 18 out 1000 simulations end up with throttles #uat out of bounds. Even for those cases, the occurrences
are limited to the first a few nodes, and the maximum throstlegélow 0.86 (compared to the value of 3 in Fig. 4).

Therefore, scaling the out-of-bound throttles does natifiantly skew the distribution of the final errors.

As ¢ is increased, the final errors are reduced. Waes 0.005, the final horizontal position errors are within
20 m, and the final altitude errors are within 12 m, signifigaithproved over the case wheg = 0.001. Further
improvement is achieved wher = 0.01, with the final error spreads shown in Fig. 5. The positicors are
controlled to be largely within 5 m, and the vertical velgdargely within 0.5 m/s. Wheny is increased from 0.01 to
0.1, the largest final altitude error reduces from 4 m to 2.&md, the largest final vertical velocity error reduces from
0.5 m/s to 0.4 m/s. Therefore, in practice, such a small gathe final error reduction probably does not justify the

additional 12.2 kg of fuel consumption.

The time histories of the closed-loop throttle of the 1000nt4oCarlo simulations for the case with= 0.01 is
shown in Fig. 6. It can be seen that the closed-loop throstiag within the prescribed bounds in vast majority of
the cases. Indeed, this observation is prevalent for alhafilsted cases with a nonzetg as shown in Fig. 7 which
summarizes the occurrences of simulation runs with ouieafad throttles. It can be seen that the propensity of the
out-of-bound closed-loop throttles is significantly redddy applying the DOC methodology. Furthermore, during
simulations with the DOC solutions, even in cases where fipeubound is violated, the throttle magnitude remains
below 0.86.Thus, no significant performance deteriorai@aused by scaling the out-of-bound throttles. Finafig, t

spread of the fuel consumption is abat® kg about the nominal values in all simulations.

Conclusion

This study clearly demonstrates the efficacy of the deseedibptimal control methodology to the problem of
minimum-fuel powered descent on Mars, in the presence ofrtaiaties and perturbations. Within the desensitized
optimal control framework, sensitivities of the final pasitand velocity with respect to state perturbations airakes
are derived, and augmented onto the minimum-fuel perfocemardex through penalty factors. The linear quadratic
regulator technique is used to design the feedback corainsgIn order to reduce the likelihood of the closed-loop
throttle exceeding the prescribed bounds, a multiplieatactor is applied to the feedback gains. The reshaping of
the nominal trajectory from the well-known maximum-minimtmaximum profile due to the augmentation of the
objective function and the multiplicative factor on the trohgains is evident. Monte Carlo simulations with the re-
shaped desensitized nominal solutions show that the amuees of out-of-bound closed-loop controls are signifigant
reduced, compared to the simulations with the maximum-muimn-maximum solution, resulting in much improved

landing precision. The improved landing precision is alsbieved with little extra fuel consumption compared to
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the maximum-minimum-maximum solution. Monte Carlo sintidas show that position errors of less than 5 m and

velocity errors of less than 0.8 m/s can be achieved.
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List of Table Captions
Table 1: The boundary conditions
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xm |y m| hmj|wvwmis|w, m/s| vy,m/s
Att=0 | 1900| O 3100 40 20 -50
At t¢ 0 0 0 0 0 0

TABLE 1
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Figurel:

Figure2:

Figure3:

Figure4:

Figure5:

Figure6:

Figure7:

List of Figure Captions

The nominal throttle profiles.

The nominal fuel consumptions.

The final position error spread in the Monte Carlo simulatiwasith the no-DOC solution.

The closed-loop throttle profiles in the Monte Carlo simiolias with the no-DOC solution.

The final error spreads in the Monte Carlo simulations withEOC solutiongy = 0.01.

The closed-loop throttle profiles in the Monte Carlo simiolas with the DOC solutiongo = 0.01.

The occurrences of simulation runs with out-of-bound alismp throttles in the Monte Carlo simulations.
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